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Combinatorial Nullstellensatz

e F — any field, f € Flzq,...,2,]

oz .. 2% is a monomial of f if its coefficient in f is non-zero

Combinatorial Nullstellensatz (Alon, 1999)

If 291 ... 2% is a monomial of f and deg f = dy + - - - + d,., then for any
Ay, ..., A, CF with |4;] > d; + 1, f(a1,...,a,) # 0 for some a; € A;.
In other words, f does not vanish on A x --- X A,.
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Combinatorial Nullstellensatz
e F — any field, f € Flzq,...,2,]

oz .. 2% is a monomial of f if its coefficient in f is non-zero

Combinatorial Nullstellensatz (Alon, 1999)

If 291 ... 2% is a monomial of f and deg f = dy + - - - + d,., then for any
Ay, ..., A, CF with |4;] > d; + 1, f(a1,...,a,) # 0 for some a; € A;.
In other words, f does not vanish on A x --- X A,.

)

o Example: deg f(x,y) =4 ®

flzy) =+ ca?y’

Ay = Ay = {-2,0,2} S o
o ((z—12+(y—1)>-2)- 2

(x+1)2%+(y+1)2-2)
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Example: a proof of Cauchy-Davenport theorem

Cauchy-Davenport theorem
If pis a prime, 0 # A, B C Z,, then |A+ B| > min(p, |A| + |B| — 1).

1. If |[A|+|B| > p, then AN (x — B) # () for every x € Z;,, so A+ B = 7Z,,.
2. Otherwise, suppose |A + B| < |A| + |B| — 2 < p and define

f(z,y) = H (x+y—c).

ceEA+B

3. f(a,b) =0foranya€ A, b€ B, ie. f vanisheson A x B.

4. The coefficient of zlAI=1ylA+BI=IAI+1 iy £ s (‘@T_Bll) #0 (mod p),

|A+ B| —|A|+1<|B|—1, thus, by CN, f does not vanish on A x B.



Generalized Combinatorial Nullstellensatz

Combinatorial Nullstellensatz (Alon, 1999)

If x‘fl ...z% is a monomial of f and deg f = d; + --- + d,, then for any

Ay, ..., A, CF with |4;] > d; + 1, f(a1,...,a.) # 0 for some a; € A;.
In other words, f does not vanish on A; x --- x A,.



Generalized Combinatorial Nullstellensatz

Combinatorial Nullstellensatz (Alon, 1999)

If x‘fl ...z% is a monomial of f and deg f = d; + --- + d,, then for any

Ay, ..., A, CF with |4;] > d; + 1, f(a1,...,a.) # 0 for some a; € A;.
In other words, f does not vanish on A; x --- x A,.

e z' .. 2% is a maximal monomial of f if it does not divide any other

monomial of f

Generalized Combinatorial Nullstellensatz (Lason, 2010)

If 0t ... 2% is a maximal monomial of f, then for any A;,..., A, CF

with |A;| > d; + 1, f(a1,...,a,) # 0 for some a; € A;. In other words,
f does not vanish on A x --- X A,.



Generalized Combinatorial Nullstellensatz

Combinatorial Nullstellensatz (Alon, 1999)

If x‘fl ...z% is a monomial of f and deg f = d; + --- + d,, then for any

Ay, ..., A, CF with |4;] > d; + 1, f(a1,...,a.) # 0 for some a; € A;.
In other words, f does not vanish on A; x --- x A,.

e z' .. 2% is a maximal monomial of f if it does not divide any other

monomial of f

Generalized Combinatorial Nullstellensatz (Lason, 2010)

If 0t ... 2% is a maximal monomial of f, then for any A;,..., A, CF

with |A;| > d; + 1, f(a1,...,a,) # 0 for some a; € A;. In other words,
f does not vanish on A x --- X A,.

o Example: f(z,y) = 2% + zy + y19°



Generalized Combinatorial Nullstellensatz

Combinatorial Nullstellensatz (Alon, 1999)

If x‘fl ...z% is a monomial of f and deg f = d; + --- + d,, then for any

Ay, ..., A, CF with |4;] > d; + 1, f(a1,...,a.) # 0 for some a; € A;.
In other words, f does not vanish on A; x --- x A,.
° :cfl ...z is a maximal monomial of f if it does not divide any other

monomial of f

Generalized Combinatorial Nullstellensatz (Lason, 2010)
If {* ... 2% is a maximal monomial of f, then for any A;,..., A, CF
with |A;| > d; + 1, f(a1,...,a,) # 0 for some a; € A;. In other words,
f does not vanish on A x --- X A,.

o Example: f(z,y) = 2% + zy + y19°

o Schauz, 2008: even more general theorem

o in practically all known applications the degree condition is sufficient
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Turan numbers

e G — graph; Turdn number (or extremal number) ex(n,G) — maximum
number of edges in a graph on n vertices containing no copies of G

Theorem (Turan, 1941)
ex(n, Kpyi1) = (1 = % + 0(1)) (’2’)

Theorem (Erd6s—Stone, 1946)
ex(n,G) = (1 — Bt 0(1)) ).

o determines ex(n, G) asymptotically when G is not bipartite (x(G) > 2)
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Turan numbers of complete r-partite r-graphs

Theorem (Erdés, 1964; for graphs: Kévari-Sés—Turan, 1954)

1
eX(n,Kgf?.."sr) = O (nr 51...57«71) for S1 S 000 S Sp.

o Conjecture: is asymptotically tight Mubayi, 2002
e True for: K55 and K33 E.Klein, 1934 and Brown, 1966
e 5;>2and s. > C(s1,...,8-1) Ma—Yuan-Zhang, 2018

(for graphs: Blagojevi¢—-Bukh—Karasev, 2013, Bukh, 2015)
e s5;>2and s, > ((r—1)(s1...8—1 —1))! Pohoata—Zakharov, 2021+
(for graphs: Kollar—-Rényai—Szabé, 1996, Alon—Rényai—Szabé, 1999)
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e ex(n, K§7)2) =0 (nriﬂ%l) for r > 2 Erdés, 1964
o ex(n, Kq) = O(n3/?) E.Klein, 1934
© no matching lower bound for r > 2 is known

. ex(n,Ké’z)’Q) = Q(n®3) Katz—Krop—Maggioni, 2002
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— 1

o ex(n, Kér)z) =0Q (n“[ Conlon—Pohoata—Zakharov, 2021
(improving on Gunderson—RaédI-Sidorenko, 1999)
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Erd6s box problem
e ex(n, Kér)z) =0 (nr_z%l) for r > 2 Erd6s, 1964

2" -1

° eX(n,Kéf.)._,Q) = (n’”*r v ]71> Conlon—Pohoata—Zakharov, 2021
o algebraic structure + random multilinear maps
o ex(n, K5 ,) = Q (nr—%) G., 2024

o an application of a new method using Combinatorial Nullstellensatz
o explicit construction, simple proof

r 2 | 3 4 5 6
r— it 15| 275 3875 | 4.9375 |5.96875
r—[2=171 15| 2.(6) | 3.75 | 4.(857142) | 5.(90)
r—1 15]2.(6) | 375 48 5.8(3)
° ex(n,Kéf)’Q)ﬂ) = Q(n®/3) Katz—Krop—Maggioni, 2002
ex(n, K" ,) = Q (nr—%) Yang, 2021, PhD thesis

o proof is much more complicated
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Generalized Combinatorial Nullstellensatz (Lason, 2010)

If 21 ... 2% is a maximal monomial of f, then for any A;,..., A, CF

with |A;| > d; + 1, f(a1,...,a,) # 0 for some a; € A;. In other words,
f does not vanish on A; x --- x A,.

Key Lemma

If 91 ... 2% is a maximal monomial of f, d = max(dy,...,d,), then for

any By,...,B, CF, H(f,By X ---x B,) is free of copies of K§Q1,.A.,d+1-

Key Lemma (general)

If for every m € S, there exists a maximal monomial of f which divides
zh ...x‘fr:, then for any By,...,B, CF, H(f, By X --- X B,.) is free of

™1

copies of Kc(z?-u ot
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Schwartz—Zippel type corollary

Theorem (Erdés, 1964; for graphs: Kévari—Sés—Turan, 1954)
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Schwartz—Zippel type corollary

Theorem (Erdés, 1964; for graphs: Kévari-Sés—Turan, 1954)

ex(n,Kg) )=0 (nrfsl'“ir—l) for s < --- <.

ooy S

Key Lemma

If 291 ... 2% is a maximal monomial of f, d = max(dy,...,d,), then for

any By,...,B, CF, H(f,By X ---x B,) is free of copies of Kfi:-)l,“.,d-i-l'

Corollary

If 91 ... 2% is a maximal monomial of f, d = max(dy,...,d,), then for
any By,...,B,. CF, |B;| =n,

|Z(f,B1 x -+ x B,)| =0 (M*W) .

o Example: |Z(x™ + 2y +y", By x By)| = O(n3/?) for any B;, |B;| = n
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Key Lemma
If 2 ... 2% is a maximal monomial of f, d = max(dy, ...,d,), then for

any By,...,B, CF, H(f,B1 X ---x B;) is free of copies ofKC(lJr)1 a4l

Lemma (G., 2024)
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Proof of Theorem

Theorem (G., 2024)

ex(n, K" ,)=Q (nr_%) :

DEELD!

r r—1

T
f(xh.”’xr):xl"'xT+Zfo+jp

i=1j=1

1. xy...xz, is maximal in f, thus H(f, (F;,)") is free of copies of K§7)2

o Classical Combinatorial Nullstellensatz would be useless here!
2. H(f,(Fy.)") has n = r(p" — 1) vertices.

3. H(S,(Fy,)") has |Z(f, (F3 )| = (07 = 171 = @ (n77) edges.



Proof of Lemma

r r—1

.

f(‘rlv vxr):xl 1'7«+ § H(E‘f_,'_jp
i=1 j=1

r

S
Il

1. For any ay,...,a, € Fy. we have a;

N
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r r—1 .
_ p"—p’
f(xl,...,xr)—xl...xr—&—g Hwi—&-j
i=1 j=1
* p"
L. For any ay,...,a, € F. we have a; =a; , so
r or—1 )
_ -p’
flar,....ar) =a ar(1+ aHj)
i=1 j=0

where Tr(a) = a4aP +---+a? — trace of the field extension F- /F,,.
2. Tr(a) = —1 for exactly p"~! elements a € F},.
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Further questions

e Find more constructions using this framework



Further questions

e Find more constructions using this framework
< Find a way to add randomization to this algebraic method



Further questions

e Find more constructions using this framework
< Find a way to add randomization to this algebraic method
o ex(n, K£32)2) = Q(n®/3), Katz—Krop-Maggioni, 2002 seems structurally

similar to our construction
o Can other known constructions be "translated” into this language?



Further questions

e Find more constructions using this framework
< Find a way to add randomization to this algebraic method
o ex(n, K§32)2) = Q(n®/3), Katz—Krop-Maggioni, 2002 seems structurally

similar to our construction
o Can other known constructions be "translated” into this language?

Corollary

If 291 ... 2% is a maximal monomial of f, d = max(dy,...,d,), then for

any By,...,B. CF, |B;| =n,

\ﬂﬁ&x~w3m:o@“mﬁjy



Further questions

e Find more constructions using this framework
< Find a way to add randomization to this algebraic method
o ex(n, K§32)2) = Q(n®/3), Katz—Krop-Maggioni, 2002 seems structurally

similar to our construction
o Can other known constructions be "translated” into this language?

Corollary
If 291 ... 2% is a maximal monomial of f, d = max(d, ...

any By,...,B. CF, |B;| =n,

\ﬂﬁ&x~w3m:o@“mﬁjy

,d,.), then for

e When is the bound from the corollary not optimal?
o It is tight for f(x,y) =2y + P(z) + Q(y), F =F,2



Further questions

e Find more constructions using this framework
< Find a way to add randomization to this algebraic method
o ex(n, K§32)2) = Q(n®/3), Katz—Krop-Maggioni, 2002 seems structurally

similar to our construction
o Can other known constructions be "translated” into this language?

Corollary
If 291 ... 2% is a maximal monomial of f, d = max(d, ...

any By,...,B. CF, |B;| =n,

\ﬂﬁ&x~w3m:o@“mﬁjy

,d,.), then for

e When is the bound from the corollary not optimal?
o It is tight for f(x,y) =2y + P(z) + Q(y), F =F,2
¢ Can the upper bound be improved for a particular F?
© Rote, 2023: How large can the set Z(f, B1 x Bz) be for
f(z,y) =2y + P(x) + Qy), Bi CZ, |Bi| =n?



Further questions

e Find more constructions using this framework
< Find a way to add randomization to this algebraic method
o ex(n, K§32)2) = Q(n®/3), Katz—Krop-Maggioni, 2002 seems structurally

similar to our construction
o Can other known constructions be "translated” into this language?

Corollary
If 291 ... 2% is a maximal monomial of f, d = max(d, ...

any By,...,B. CF, |B;| =n,

\ﬂﬁ&x~w3m:o@“mﬁjy

,d,.), then for

e When is the bound from the corollary not optimal?
o It is tight for f(x,y) =2y + P(z) + Q(y), F =F,2
¢ Can the upper bound be improved for a particular F?
© Rote, 2023: How large can the set Z(f, B1 x Bz) be for
f(z,y) =2y + P(x) + Qy), Bi CZ, |Bi| =n?
e Find more applications of Lason’s Combinatorial Nullstellensatz



